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We study a class of nonlocal systems which can be described by a local scalar ﬁeld diffusing
in an auxiliary radial dimension. As examples p-adic, open and boundary string ﬁeld theory are
considered on Minkowski, Friedmann–Robertson–Walker and Euclidean metric backgrounds. Starting
from distribution-like initial ﬁeld conﬁgurations which are constant almost everywhere, we construct
exact and approximate nonlocal solutions. The Euclidean p-adic lump is interpreted as a solitonic brane,
and the Euclidean kink of supersymmetric open string ﬁeld theory as an instanton. Some relations
between solutions of different string theories are highlighted also thanks to a reformulation of nonlocal
systems as ﬁxed points in a renormalization group ﬂow.
© 2008 Elsevier B.V. Open access under CC BY license.1. Introduction and main results
The treatment of nonlocal systems, which contain an inﬁnite
number of derivatives, is of some interest for string ﬁeld the-
ory (bosonic, supersymmetric and p-adic). In fact, time-dependent
solutions of the tachyon mode rolling from the unstable (pertur-
bative) vacuum to the stable (non-perturbative) vacuum have been
sought for long time. Boundary string ﬁeld theory (BSFT) possesses
such solutions. On the other hand, p-adic string in a suitable limit
reproduces BSFT, so that it is natural to expect instanton-like an-
alytic solutions (or, more generally, non-perturbative topologically
stable solutions) in the p-adic model. In these scenarios the main
equation of motion of the tachyon mode is always
Ke−2r∗φ(x) = U ′[φ(x)], (1)
where K is the kinetic operator determined by the nonlocal model,
r∗ is a constant and  is the d’Alembertian operator in D dimen-
sions with metric signature (−+· · ·+). Acting on a scalar it reads= (−g)−1/2∂μ(√−g ∂μ), where g is the determinant of the met-
ric and μ = 0,1, . . . , D − 1.
This class of models can be conveniently recast as a two-ﬁeld
localized system living in 1 + D dimensions, characterized by the
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ing the ‘physical’ parameter r∗ [1]. The resulting laws of motion are
the heat (or diffusion) equation
(− γ ∂r)Φ(r, x) = 0, (2)
where γ is a constants, and the proper equation of motion
KΦ(r∗ − 2γ r∗, x) = U ′
[
Φ(r∗, x)
]
, (3)
which is valid only at r = r∗ and where Φ(r∗, x) = φ(x).1 Applica-
tions of this formalism were given for the construction of tachyon
solutions in open string ﬁeld theory (OSFT; the bosonic, and some-
times also the supersymmetric, version is called also cubic SFT) [2]
and cosmological toy models [3]. The main idea is to evolve the
system, via Eq. (2), from the initial ﬁeld conﬁguration Φ(0, x), up
to the physical conﬁguration Φ(r∗, x). Nonlocal operators e act as
translations on the variable r.
If Φ(0, x) is assumed to be a nontrivial solution of the local
system (r = 0 everywhere), it is possible to construct Φ(r∗, x) an-
alytically, as exact local solutions are generally known for a given
potential. However, the resulting nonlocal solutions for the mod-
els considered so far are approximate at the level either of the
scalar equation of motion (3) [2,4] or of the Friedmann equation
if the metric is cosmological [3]. Excluding an a priori failure of
1 In the notation of [1], the auxiliary ﬁeld χ , which we do not consider here for
simplicity, is deﬁned as χ(r, x) =KΦ(r, x).
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also [5]), the reason may be an unsuitable choice of the initial ﬁeld
conﬁguration at r = 0.
An alternative simple choice is that of almost everywhere con-
stant local solutions, with possible singularities or discontinuities
at a ﬁnite number of points. For instance, the p-adic string [6–8]
(see also [5,9,10]) admits Φ = 0 as constant solution, so that
Φ(0, x) = δ(x) is a local solution everywhere except at the ori-
gin. By diffusion along r, we shall see that the ﬁnal conﬁguration
Φ(r∗, x) is a smooth Gaussian lump which solves the original, non-
local system.
The p-adic local equation of motion has also Φ = ±1 as so-
lutions for odd p, and Φ(0, x) = sgn(x) may be used as initial
conﬁguration. Although the resulting kink cannot be a solution
of the p-adic equation, a similar construction is successful in the
case of supersymmetric OSFT (see the reviews [11–13] and refer-
ences therein). On the other hand, the lump construction does not
hold in OSFT for reasons to be clear later. However, the same lump
solves the effective Witten–Shatashvili action (up to second deriva-
tives of the ﬁeld) in boundary string ﬁeld theory (BSFT) [14–17],
which can then be regarded as a local diffusing system. This datum
adds to the ﬁndings of [18], where a relation was noted between
the p-adic string in the limit p → 1 and Witten–Shatashvili action.
We will also show how to the p-adic system can be regarded as
the limit of non-propagating (in a sense later to be clariﬁed) OSFT.
The aim of this Letter is twofold: to incorporate the p-adic
string in the discussion of diffusing models and ﬁnd solutions of
the p-adic string as well as of OSFT with the above-mentioned
new type of initial conditions. As a byproduct, interpreting the dif-
fusion equation as a renormalization group ﬂow, we shall ﬁnd a
formal connection between p-adic and open string ﬁeld theories.
We carry out these investigations beginning with covari-
ant equations; the structure of the diffusing system and ansatz
solutions soon require to specialize to particular backgrounds.
Lumps will be studied on Minkowski, Friedmann–Robertson–
Walker (FRW) and Euclidean backgrounds, the latter being also
the natural setting for kink solutions.
2. Lump solutions
We look for solutions of the form
Φ(r, x) = Φ0 r−c/2 exp
[
−γαT (x)
4r
]
, (4)
where Φ0, c and α are constants and T (x) is a function of the
coordinates. On a Minkowski background,
T (x) = x2⊥ ≡ xAxA, (5)
where the index A runs over a subset S ⊆ {0,1, . . . , D − 1}. If the
cardinality card(S) = c and αγ /r > 0, the Euclidean continuation
of Φ is a product of Gaussians, which tends to the Dirac distribu-
tion δ(c) in the limit r → 0.
By virtue of the heat equation (2), the d’Alembertian  can be
replaced by a derivative in r, thus allowing for a covariant treat-
ment independent of the choice of the metric. Namely, one can
consider a general function T (x) such that Eq. (4) satisﬁes the dif-
fusion equation, which is2
Φ(r, x) = − γ
2r
Φ(r, x)
[
u0 + lnΦ2(r, x)
]
, (6)
where u0 ≡ c − ln(Φ20 r−c). This translates into an equation for T
and the metric gμν of the form A(T , g) + rB(T , g) = 0. As r is a
2 In [1] there is an extra linear term in Eq. (2) as the constant Φ0 is considered
to depend on r. However, for all purposes Φ0 can be treated as r-independent,
Φ0 = Φ0(r∗), and the extra term can be neglected without loss of generality.free parameter in the localized system, A(T , g) and B(T , g) must
vanish separately, namely,
αT − 2c = 0, (7)
α∂μT ∂
μT − 4T = 0. (8)
These equations are veriﬁed only when T is quadratic in the coor-
dinates, a result stemming directly from dimensional counting of
the variables in the diffusion equation. Apart from Minkowski and
Euclidean backgrounds (Eq. (5) with α = 1, card(S) = c [8]) an-
other possibility is FRW (= −∂2t − (D − 1)H∂t ), where αT = −t2
and Eq. (7) ﬁxes the Hubble parameter to be H = H0/t , H0 =
(c−1)/(D−1). As expected, the Minkowski case is recovered when
c = 1, where Eq. (4) is the usual heat kernel. If c 	= 1, Eq. (4) solves
the heat equation in the above FRW background, and for r → 0 it
tends to the delta function (with the appropriate metric factor in
the measure), so that Eq. (4) is the heat kernel in the above FRW
background.
2.1. p-adic string
The p-adic Lagrangian is [8]
L= −1
2
φp−/2φ + φ
p+1
p + 1 , (9)
plus a possible constant term. The equation of motion can be writ-
ten as
e− ln p/2φ = φp . (10)
In 1+ D notation, the corresponding localized system has
r∗ = rp ≡ (ln p)/4, K= 1, U ′ = Φ p, (11)
so that e−2rpΦ = Φ p . The system always admits the constant so-
lutions Φ = 0,±1 (−1 only if p is odd). We shall consider the
solution Φ = 0 (almost everywhere) as the initial ﬁeld conﬁgura-
tion to be evolved to Eq. (4) through the diffusion equation.
The p-adic equation of motion becomes the algebraic equa-
tion (3). Powers of Φ translate under the effect of nonlocal op-
erators, as
Φ(r, x)p = (prp−1)−c/2Φ p−10 Φ(r/p, x). (12)
Then one gets γ = (p − 1)/(2p) and ﬁxing the scale r = rp the
p-adic solution is
Φ(r∗, x) = pc/2(p−1) exp
[
− (p − 1)αT (x)
2p ln p
]
, (13)
in agreement with [8] when T is given by Eq. (5), α = 1 and
card(S) = c. The static version of this solution ({0} 	⊂ S) vanishes
asymptotically for p > 0, and is interpreted as a solitonic p-adic
brane of codimension c [19].
A rapid overview of the energy–momentum tensor [1] in a
given cosmological scenario shows that this solutions of the scalar
equation of motion does not obey a standard Friedmann equa-
tion H ∝ ρq , where the Hubble parameter H and the ﬁeld energy
density ρ evolve together (q positive). This is the case also when
one allows for other forms of the Hubble parameter, for instance
by multiplying the right-hand side of Eq. (4) times a power of t .
The construction of an ad-hoc nonperturbative and nonlocal grav-
itational sector is beyond the scope of this Letter and, so far, of
the above formalism. It is possible that the naive local Friedmann
equation does not correctly describe nonperturbative gravity and,
until a realistic proposal for the latter is put forward, one should
content oneself either of numerical solutions [20] or to pursue the
more modest goal of ﬁnding exact solutions of the scalar equation
of motion (3) for a given background. This will be our attitude on
what follows.
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+∞) = Φ(r, x → −∞) 	= 0 cannot be written down as Eq. (13)
plus a constant and are better to be found numerically [20–23].
For cosmological applications of the p-adic scalar see [20,24].
2.2. Supersymmetric OSFT
We now turn our attention to Eq. (1) with kinetic operator
(Minkowski background)
K=−m2. (14)
In the case of nonchiral bilocal supersymmetric OSFT [25,26], m2 =
−1/2, r∗ ≡ ln(33/2/4) ≈ 0.26, and
U ′ = e
4r∗
9
Φ e2r∗Φ2 (15)
at level (1/2,1) (for details see [27]). For convenience we deﬁne
σ ≡ e
4r∗
9
Φ20 , (16)
and
Δ ≡
∣∣∣∣KΦapp − U ′(Φapp)KΦapp + U ′(Φapp)
∣∣∣∣, (17)
where Φapp is an approximate solution.
One of the advantages of the localization achieved through the
heat equation is the possibility to construct solutions which, if they
are not global, can be studied locally. Here we give two such ex-
amples; others can be found in [2,3].
The ﬁrst one is given by Eq. (4) with αT = x2 (one-dimensional
spatial lump). A complete lump solution would describe the rolling
of the tachyon from the local unstable vacuum down to a lo-
cal minimum and back. However, Eq. (4) is not an exact solution
of this model unless T = const. At most, one can tune Φ0 and
γ in order to get an approximate solution in a neighborhood of
x = 0, the values of the parameters depending on the accuracy
goal within a given neighborhood. For instance, when σ ≈ 1.20
and γ ≈ −1.34, Δ < 0.5% for |x| < 1.
2.3. Boundary string ﬁeld theory as a diffusing system
At this point it is instructive to ask what potential would admit
Eq. (4) as a solution of the equation of motion of the localized
system with
K=. (18)
This problem is better recast as follows. Taking Eq. (4) as start-
ing point, the diffusion equation for Φ is Eq. (6). Fixing r = r∗ , it
becomes the second-order equation for the ﬁeld φ(x),
φ = − γ
2r
φ
(
u0 + lnφ2
)
, (19)
which comes from the local Lagrangian density
Lφ = 4∂μφ∂μφ + 2γ
r∗
φ2
(
1− u0 − lnφ2
)
. (20)
If
α = 2r∗
γ
, (21)
Eq. (20) can be recast as
LT = e−T
[
∂μT ∂
μT + 2γ
r∗
(1− c + T )
]
. (22)
Provided
c = 0, γ = r∗/2, (23)this is nothing but the bosonic tree-level effective action of the
BSFT tachyon, when all other particle ﬁelds are set to zero and up
to two derivatives [18,28,29].
3. Kink solutions
Given a potential with several local minima, one can study
kink-type Euclidean solutions interpolating between two different
vacua. The tunneling probability is then related with the effective
Euclidean action evaluated on the solution.
For an even potential with local minima at Φ = ±1, one can
start from the ﬁeld conﬁguration Φ(0, x) = sgn(x), which is the
limit r → 0 of the error function
Φ(r, x) = erf
(
±
√
γ
4r
x
)
, (24)
where ([30], formulæ 8.250.1 and 8.253.1)
erf(z) ≡ 2√
π
z∫
0
dσ e−σ 2 (25)
= 2√
π
∞∑
k=0
(−1)k z
2k+1
k!(2k + 1) . (26)
For z → ±∞ its asymptotic expansion is ([30], formula 8.254)
erf(z)
z→±∞∼ ±1− e
−z2
√
π z
M∑
k=0
(−1)k (2k − 1)!!
(2z2)k
. (27)
Eq. (24) obeys the diffusion equation (2).
For the p-adic string, approximate kink-type solutions, such
that Φ(r, t → +∞) 	= Φ(r, t → −∞), have been found in [5]. From
Eq. (27) it is clear that the error function cannot be an exact so-
lution of the p-adic equation (10). In fact, its left-hand side is ∼ x
for small x, while the right-hand side ∼ xp . One might look for a
solution locally at large x but we prefer to turn our attention to
the OSFT case.
In this case, the presence of the d’Alembert operator in the
equation of motion, Eqs. (1) and (14), makes possible a matching
of powers of x between the sides of the equation of motion and
the construction of an approximate solution. As Φ → 0 in the
limit x → ±∞, by virtue of Eq. (27) σ is ﬁxed by the asymptotes
at inﬁnity to be σ = −m2 = 1/2.
As powers of the error function do not obey a diffusion equa-
tion, from now on we concentrate on the approximated susy po-
tential [27]
U ′ ≈ e
4r∗
9
Φ3. (28)
Expanding Φ and its equation of motion near the origin, one ﬁnds
γ = r∗
1+ 2r∗ ≈ 0.17. (29)
With these values of σ and γ , the error Δ is maximal (Δ ≈ 1.5%)
at x ∼ ±3, while Δ < 0.1% and decays to zero for |x| 5. Therefore
this is an approximate global solution (on the other hand, the lump
approximate solution in Section 2.2 is acceptable only in a limited
space interval). Numerical kinks solving the susy OSFT equation
can be found in [20,22].
4. Effective string models as diffusing systems
The diffusing system in 1+ D dimensions can be reinterpreted
in the language of the renormalization group (RG) ﬂow. First of all,
r is regarded as the scale of an RG ﬂow, r = 0 being the point at
G. Calcagni, G. Nardelli / Physics Letters B 669 (2008) 102–106 105the infrared (IR) where the theory is under control (local regime)
and r = r∗ is the physical ultra-violet (UV) scale at which observa-
tions take place and nonlocal effects are measurable. The operator
es evolves the ﬁeld Φ(r, t) from some point r to a point r + γ s
along the RG ﬂow. (In the above example of lump solutions, the
initial pointwise particle has been ‘resolved’ as a spread object in
the UV.) A truncation of this operator at ﬁnite order is equivalent
to a perturbative expansion which diverges in the ultra-violet. The
resummation with the diffusion equation method solves any spu-
rious problems of UV convergence.
Further insight is gained by looking at the propagator Gr of
the free ﬁeld Φ , Eq. (1) with U = 0 and a typical kinetic function
K = . In the infra-red local regime and in Euclidean momentum
space (→ −k2E < 0), it is simply G0(kE ) = −1/k2E . As the system
evolves along the ﬂow, the propagator acquires corrections which
are nonperturbatively resummed into
Gr∗ (kE ) = G0(kE )e−2r∗k
2
E . (30)
If r∗ > 0, a characteristic UV cutoff kc ≡ (2r∗)−1/2 naturally
emerges from the ﬂow, and modes with momentum kE  kc are
exponentially suppressed. These modes were responsible of the UV
perturbative divergences, as is clear by expanding the propagator
G(r∗) in powers of kE/kc .3
As an immediate application of these remarks, it is worth notic-
ing that the p-adic and OSFT systems can be regarded as different
ﬁxed points in the ﬂow along the r coordinate. Under the co-
ordinate transformation xμ → √r∗/r xμ , one can write the OSFT
equation of motion (approximately, for the susy string) as4
(
r
r∗
−m2
)
e−2rΦ = σΦ p . (31)
The limit r → r∗ ≈ 0.26 corresponds to the OSFT tachyon equation
of motion in the old coordinates. However, in the singular limit
of no propagation, r∗ → ∞, one formally gets the p-adic equation
(for a suitable ﬁeld normalization) if the ﬁxed point in the r-ﬂow
is r = rp .
This closes the set of correspondences between p-adic string
theory, BSFT and OSFT considered here and in [2]. To summarize:
(A) The p-adic string can be seen as the limit of a non-propagating
OSFT tachyon, where the UV cut-off kc → 0. This is true on any
nontrivial solution. (B) The p-adic string reproduces the BSFT ac-
tion in the limit p → 1 [18] for any tachyon proﬁle T . On the other
hand, the effective action whose equation of motion is the diffu-
sion equation is precisely that of BSFT up to two derivatives and
with a tachyon proﬁle T ∼ x2. (C) The partition function (effective
action) of BSFT evaluated on the tachyon proﬁle T ∼ ex and with
propagator ambiguity r∗ > 0 is related to the (approximate) oscil-
lating OSFT solution as described in [2]. These results are readily
obtained by regarding all the systems as diffusing. The interpreta-
tion of such relations will require further investigation, as at this
point it is not clear whether their valence is physical or only tech-
nical.
3 A general class of nonlocal quantum ﬁeld theories (NQFT), of which Eq. (1) is a
special example, was axiomatized and studied in detail by Eﬁmov [31]. In the ter-
minology of NQFT, the presence of the coherence scale kc guarantees a well-deﬁned
nonperturbative physics and the system is actually super-renormalizable. Although
this view of the facts has become obsolete in string theory (the fundamental object
to be quantized is a ﬁeld of strings; the effective theory given by Eq. (1) is purely
classical), it retains an appreciable degree of instructiveness, particularly in early-
universe cosmological contexts where one is interested in the power spectrum of
the scalar ﬁeld.
4 For numerical purposes, the same type of equation was considered in [22,27].5. Discussion
We have studied nonlocal systems which can be localized via
the diffusion equation, as described in [1]. The main points are:
• Contrary to what done in previous papers [2,3], we have as-
sumed the initial ﬁeld conﬁguration to be constant almost
everywhere, leading to lump- and kink-type solutions.
• The solitonic solution in p-adic string theory, which was al-
ready known in the literature, has been here rederived as an
almost trivial application of the formalism.
• The same type of solution is of interest for the Witten–
Shatashvili effective action of boundary SFT; the second-order
equation of motion of the BSFT tachyon does coincide with the
heat equation frozen at a particular value of the variable r.
• We found an approximate analytic instantonic solution inter-
polating between two degenerate minima of the supersym-
metric OSFT tachyon potential.
• Regarding p-adic, OSFT and BSFT tachyon models as diffus-
ing/RG-ﬂow systems, one readily obtains relations between the
corresponding solutions.
The comparison between approximate analytic solutions and
numerical solutions with same boundary conditions can help to
understand capabilities and limitations of the diffusion method.
The case of kink-type OSFT proﬁles is of particular interest, as
they would describe a nonperturbative transition between inequiv-
alent vacua of the theory. Moreover, since p-adic models have been
used as simpliﬁed playgrounds for the study of nonlocality in in-
ﬂationary models, the search for background solutions could be of
practical importance for alternative cosmological scenarios.
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